ON A CERTAIN SINGULAR
TRANSFORMATION OF A DOUBLE
INTEGRAL

Carl Gustav Jacob Jacobi

1.

That celebrated dissertation written by Gauss with the title "Determinatio
attractionis etc.", read in the Commentariae Soc. Gott., mainly consisted in this

that the given expression
dE
V/(A—acosE)2+ (B—bsinE)2+CC
is reduced to this simpler form:

dP '
VG + G/ cos? P+ G"sin? P’
this was demonstrated to happen by the author by the substitution:

a+a’ cos P+ a” sin P
v+ cos P+ " sin P’
SinE — ﬁ—hB’cosP—kﬁ“si.nP,
Y+ ' cosP+ v"sin P

cosE =
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having determined the nine coefficients appropriately. While I studied that
extraordinary paper again and again, it did not escape me that almost the
same analysis can be applied to a remarkable transformation of a certain
double integral, which result I wanted to publish even more, since the theory
of double integrals has still hardly been begun to be developed.

For, put

e =a+a cos’ P +a"sin’ P cos® ¢ +a” sinPsin® ¢
+ 2b' cos ¢ + 2b" sin i cos ¢ + 20" sin P sin ¢

"

+ 2¢’ sin’ sin ¢ cos @ sin ¢ + 2¢” cos P sin ¢ sin ¢ + 2¢”” cos P sin ¥ cos @,

which expression we see, except the constant term, to involve the terms cos 1,
sin i cos @, sin ¢ sin @, their squares and the products of two of them. Now, I
will prove that the expression

/ / sin 1,0;11/)01([)

can be transformed into this simpler one:
/ / sin PdPd¢
G + G’ cos? P + G" sin? P cos? ® + G" sin® P sin ¢
and this is achieved by the substitution:

COSP_oc+(x’cos1,IJ+a”sin1pcosq0+uc”’sinlpsinq0
5+ 6cosyp+ 6" singpcos g + 6" singpsing’

¢ ¢

sinPcosd — B+ B cosp+a’ sinpcos g+ a” sinsin g
5+ 0 cosp+ 6" sinycosp+ 6" sinysing
sinPsing — v+ cosyp+ ¥ sinpcos ¢ + " sin sin ¢

8+ 8" cosp+ 6" sinpcos ¢ + 6" sinpsing ’

having determined the sixteen coefficients in the correct way. Let us now
tackle their determination and the determination of the quantities G, G/, G,
G" etc.



Since
cos? P + sin? Pcos? ® + sin? Psin? ¢ = 1,

the expression

(¢ + &’ cosp + a”’ sinycos ¢ + &' sin P sin ¢)?

+ (B + B/ cosp + B"sinycos ¢ + B sinpsin g)?

necessarily vanishes, whence, since

cos? P + sin? i cos® ¢ + sin? Psin® ¢ = 1,

to reason as Gauss, it has to take on this form:

k(cos® i + sin? 1 cos® @ + sin P sin® ¢ — 1).

Hence we obtain these ten conditions:

ax + BB+ oy — 60
DCI(X/ + ‘B,‘B/ + ,)//,)// _ 5/5/

a’ + BB+ vy — 8 =0,
“lx// + ﬁﬁ// _|_ ,)/,)/// _ 55// — 0,
DCDC,// + ﬁﬁ/// + ,)/,)//// _ 55/// — 0,

ﬂlla// + ﬁ/'B/// + ,y/,y// _ 5/5/

lx//lx// + IB//’B// _|_ ,)///,)/// _ 5//5// :k’
DC//IDC/// + ’Bll/ﬁll/ + ,y///,)///l _ 5///5/// — k/

DCI/OCI// + ‘B/Iﬁm + ,)//I,y/// _ (51/(5/// — 0[
“/H(Xll + ‘BH/‘B, + ,)/l/l,)/l _ 5///5/ — 0,

Since the sixteen coefficients can be multiplied by an arbitrary quantity, it is

possible to assume k arbitrarily.



4.

Further let us put that the expression:

G (a + a'cosy + &’ sinpcos g + &’ sinpsin @)?

(
+ G" (B + B cosyp + B"sinycos ¢ + B" sinysin ¢)?
+ G" (v + 7' cosp + 4" sinypcos ¢ + 4" sinpsin ¢)?
+G (6 + 8 cosyp + 8" singcosg + & sinysin ¢)?
= (G + G’ cos® P + G sin? P cos? ¢ + G sin? P sin? ®)
X (8 + &' cosp + 6" sin P cos ¢ + 6" sin P sin ¢)?
goes over into ke.

Hence these ten equations must be satisfied:

Gan +G"BB  +G"yy +G&6 =ak,

G/ / / _|_ G//ﬁ/ﬁ/ _|_ G///,)//,)// _|_ G5/5/ — a/k’
GICKN 1 G//ﬁ//ﬁ// + G///,y//,)/// + Gé//(s// — ﬂ//k,
G/(X/I/[XI// + G//‘B///‘B/// + G///,Y///,y/// + Gé///&/// — a///k

G/OCOCI + G/,ﬁﬁ, _|_ G/l/,)/,)// + G(S(S, — b/k,
GIIXCKN + G”'B[B// _|_ G/N’)/’)’” + Géé‘// — b//k,
G 0(06/// + Gl/ﬁﬁ/// + GI/I")/’)///I + G55/// — b,/lk,

(IL)

G/(XN " + GII‘B//‘B/// + G///’)/I/’)’/” + G(S”(SH/ — C,k
G’(x’”tx’ + G//ﬁ,”ﬁ + G/H’)’/H’)’H + G5//,5/ — C//k,
\GI / // G”ﬁ/lg” + G///’)//’)/// + G(S'(F” — C/l/k,

By means of the twenty equations (I.) and (IL.) both the sixteen coefficients «,

B, 7 etc. and the four quantities G, G’, G”, G’ are determined. Additionally,

one has to note that from the equations (I.) the equations (II.) follow putting
G/:GI/:G///:l G:_l

ﬂ/ — a// — a/// — 1/ a= _1’ b — b// — b//l — — C// — C/// — O



Having constituted these things concerning the formulas, whatever follows
from the equations (IL.), it is possible to derive results similar to it. The same,
on a similar subject, was mentioned in the paper on the principal axes of
surfaces of second order.

Given a system of equations:

au  + Bx +yy +d6z +m,

du +B'x +9y +8z +m,
DC//M + ﬁ//x + ,)///y + 5//2 + m//,
DC//IL[ + IB///x + ,)//l/y + 5///2 + m///

let us put that their resolution is found to be:

Am + A'm' + A'm" + A"m"" = u,

Bm + B'm’ + B"m" + B"'m"" =x,

Cm +C'm' +C'm" + C"m" =y,

Dm + D'm' + D"m" + D"'m"" = z.
We suppressed the sixteen values of the quantities A, B etc. for the sake of
brevity; they are given in books on Algebra, and the algorithms, by means of

which they are formed, are well understood today. Having constituted all this,
after we had selected the following equations from the equations (IL.):

a-Ga+ B-G'B+ v -G'"v+ 6-Gé= ak,
&/'G/(X—F ,B/'GNIB+ ")//'G///’)/—f— (S/G(S: b/k,
& Gla + ,BH'G",B—F ,)///_G///,Y+ 5" -G = b"k,
a”’-G’Dc+,B”’-G”,B—I—')f’”-G”")f—l—é'”-G5:b”’k

by their resolution we obtain:



k(Aa + AW + A" + AY") = Gla,
k(Ba + B'Y + B"b" + B"b") = G",
k(Ca + C'b' + C"b" + C"b") = G,
k(Da + D'b' + D"b" + D"'b") = Gé.

The same way one obtains
k(AV + Ala" + A" + A" = G,
k(B + B'a’ + B"c"" + B"'(") =
Ct' +Cla" +C"'c" +C"c") =G"9,

k

(III) k Dbl + D/a/ + Dllc//l + D///C/I) — Gé‘/
k(Abl/ _|_ A/C/// + A//ﬂ// + A///C/) — G/UCN,
k(Bbl/ + Blc/// + B//a// + B///c/) — G//IB//’
k(cbl/ + C/C/Il + C”ﬂ” _|_ CIIIC/> — Gll/,)//l,
k(Db/l _|_ D/C/// + D//a// _|_ D///C/) — G§//

k(Ab/// + AICI/ + Al/c/ + A/Nﬂ//,) — Gla///
k(Bb/// _|_ B/C// _|_ B//C/ + B///a///) G//ﬁ///
k(cb/// + CICI/ + C//C/ + C//la/l/) G I/,)////

\k(Db/// + D/C/l + D/IC/ + D///al//) — Gé///.
From these equation in the mentioned way others are derived, which corre-
sponds to the equations (I.):

w=—kA, o =kA, o' =kA", o =kA",
p=-kB, B =kB, p'=kB", p" =kB",
y=—kC, 7 =kC, o'=kC", 4" =kC",
§=kD, & =—kD/, & =—kD", §" =-DC".

(IV.)

6.

Having combined each two equations, immediately these four systems of
equations result:



1) 0 — A(ll + GI) + A/b/ + Allbll + A///b///,

0 — Ab/ _|_ Al(al _ GI) _|_ A//CH/ + A/HC//,

0 — Ab// + A/C/// + A//(a// _ G/) + A///C/

0 — Ab/// + A/C/I + AI/C/ + A///(a/// _ G/)
2) 0 — B(ﬂ + G/l) + B/b/ + B//b// + Bl//b//l,

0 — Bb/ + B/(ﬂ/ _ G/) + B//C/// + B///C//’

0 — Bb/l + BIC/// + Bll(al/ _ G/) + B///C/

0 — Bb/// + B/C// + B//C/ + Bl// a/l/ . G/ ,

V) ( )

3) 0 — C(ﬂ + Gll/) _|_ C/bl _|_ C/lb/l + Cl/lb/ll,

0 — Cb/ + C/(a/ _ G/) + C//C/// + C///C//’

0 — Cb/l + C/C//I + C//(a// _ G/) + C///C/

0 — Cb/// _|_ C/c/l _|_ CIIC/ + Cl/l(all/ _ Gl)
4) 0 — D(ﬂ _ G) _|_ D/b/ + D//b// + D,Nb”/,

0 — Db/ + Dl(a/ + G) + DIIC/// + D///C//’

0 — Db// + D/c/// + Dll(a// + G/) + D///C/,

0 — Dbl/l _|_ D/Cll + D//Cl + D,N(a”/ _|_ G)

From the first system by elimination of the quantities A, A’, A”, A" one
obtains an equation, by which G’ is to be understood to be given; in like
manner, from the second, third, fourth system having respectively eliminated
B,B,B",B"”;C,C',C",C"; D, D', D", D" one obtains equations we see to
give the quantities G”, G, G. But considering these four systems it is plain
that all the equations with respect to the quantities G, —G/, —G”, —G"’ are
completely the same, so that, if one of the quantities G, -G/, —G”, —G"" is
denoted by x, one and the same equation among x and the given quantities
will exhibit those four quantities G, —G’, —G”, —G"” etc.. That equation, after
the elimination, becomes:



=(a—x)(a" +x)(a" +x)(a" +x)
—(a—x)(@ +x)d —(a—x)(a" +x)"c" — (a—x)(a" + x)"""
(a// + x) (a//l + x)b/b/ (all/ + x) ([1 + x)b//b// _ (a/ + x) (a// + x)b///b///
+ 2C/ /! ///( _ ) + 2C/b//b///(a/ + x) + 2C’lb,”b/(ﬂl” + x) + zclllblb//(a/l/ _|_ x)
+ b/b/clcl + b//b//C//C// + b///b///cl// " 2b/b// ! A1 Zb///c/// /
We will postpone the most important task of investigating the nature of this
biquadratic equation to another disquisition on the subject.

7.

Among the sixteen quantities «, B etc. and the sixteen quantities, which are
derived from them, A, A’ etc. many most elegant relations exist, which, since
Laplace, Vandermonde in the commentariae academiae Parisiensis in 1772,
Gauss in the disquis. arithm. section V, J. Binet in vol. IX. of the journal of the
institutum polytechnichum Parisiensis and others published them, are well
known; and I will quote only few things, which in our special case are easily
derived from their results by means of the equations (IV.). First, I will note
the following ten equations similar to the equations (L.):

(

— an + DC OC + lX”DCN + “/lllxll/ — k

_ [3[3 + ,3 IBI + ’3//5// 'B///'B/// =k,
— v + 'Y ’Y + 'YI/'YH + 85" =k,
— 55 488 4+ 81" 4 5 = —k,

_ Déﬁ _|_ “/ﬁl _|_ (xllﬁ// _|_ lXWﬁ/” —
i A 0

—ay + o'y +ay" +ay
_066 +DC/5/ +(X//(S/I +0C///6”/ :0

(VIL)

_ ﬁ,)/ + IB/,)// _J’_ ﬁ/lﬁl! + IBIII L — O,
_ 75 + ,)//(51 + 7//5// + ,)////(5/1/ — O,
_ (Sﬁ + (sllB/ + 5//5// + (SI//‘BI// — O

Further, one can prove the following eighteen equations:




IX‘B/ _ Délﬁ _ _(,Y//(S/// _ 7///5//)8, IX/‘BH —a'g = (,)/5/// _ 7///5)8,
6(,3" — 4B = _(,)////5/ o ’)//5’")8, "B — B! — (75/ - 7/5)8,
lX,B/N _ 04”’[3 _ _(7/5// _ 'YN(S/)SI D‘Wﬁ/ _ a’ﬁ’” — (75// _ ’)/"5)8,

0‘/7 _ oc”y _ _(5//5/// _ 5’”‘3”)8, 0(”)/” _ 0‘//')’/ _ (5‘5/// _ (5”/,3)8,
“,)// _ IX//,), _ _(5///5/ _ 5"5"')8, zx"’y’" o (X///,)/// _ (5[3, _ 5/15)?"
tx’)/”/ _ D‘W'Y _ —((5’[3” _ 5//,Bl)£, IXW’)/ _ a/,y/// _ ((5’3// _ 5”/3)8,

(VIIL)

s —als = (‘3//,)//// _ [3”/’)//)8, K8 — Ay = —(ﬁ’)’m _ ,BW’)/)S,
! — a's = (,B/N'Y/ _ ,B/'Ym)s/ &S — ! — —(‘B’)// _ ,BI’Y)SI
\aé‘l// — a5 = (,3/')/” N ﬁ"’)’/)gf as" — ﬁ,’)’// _ —(ﬁﬁ" - 5"')/)8,

8.

From the equations, by means of which we expressed P, ¢ in terms of 1, ¢,
namely:

osP — a~+a' cosp + o sinpcos ¢ + o’ sinsin ¢

5+ 6 cospp+ 6" singpcos g + 6" singpsing’
sinPcosd — B+ B cosp+ B"sinycos ¢ + B sinpsin ¢
6+ 6 cosy+ 8" sinypcos g+ 8" sinypsing
sinPsing — v+ cosp+ ¥ sinpcos ¢ + " sin sin ¢

8408 cosp+ 6" sinpcos g + 6" sinpsing ’

by means of the equations (I.) one easily proves the following ones, by which
Y, ¢ are vice versa expressed by P, ¢:



6 —acosP — BsinPcos?® — ysin Psind

k
846" cosp+ 8" sinpcos® + 6" sinsin ¢’

—&"+a’ cos P+ B'sinPcos ¥ + ' sin Psin ¢

(IX') =
cosy 6 —wacosP — BsinPcos® — ysin Psin¢
_ —0" + " cos P+ B" sin P cos ¢ + 7" sin Psin ¢
siny cos ¢ = : . : /
6 —wacosP — BsinPcos® — ysin Psind
_ _ —0" +a" cos P+ B sin P cos ¥ + "' sin P sin ¢
sinysin @ = ; ; - .
6 —wacosP — BsinPcos® — ysin Psind

9.

It remains to find the values of the sixteen quantities «, B etc. This is achieved

by the following formulas:

Y B (a/ B G’)(a” - G/)(a/// i G/) . c’c’(a’ - G/) . CNC”(LI” N G/) i C///C///(a/// i G/) 420! M
ko (G"+G)(G' =GN (G =G ,

oo B (ﬂ// o G’)(a”’ . G’)(a + G,) o c’c’(u + G/) — """ (0" — G/) _ b//b//(a/// . G,) 4 2p !

(X.) ko (G'+G)(G' =G (G =G ,

e (@ —G)a+ G —G) =" (a+G) — bV (@ — G') — b"b" (a' — G) + 2b"'b/c”
ko (G'+G)(G' =G (G = G") ,

oy B (a+G)(a —G')(a" +G') —c"c"(a+G') — bV (a' — G') — V'V (a" — G') +26'b" "
ko (G'+G)(G' —G")(G' — G

From these equations one can derive three other systems, if instead of

G, G/, Gll, G//l, an, DC,DC/, al/al/, lX//,lX/”

one respectively puts

G, G//, G/’ GI//’ IB‘B, ,B/ﬁ// ‘BN,B//, ‘B/H‘B”/,
/ A "1

G G", G", G, v, A A" A
_G/ —G G// G/ _(55 _5/5/ _5//5 _5///5///

10



Further, one has to note that the products of two of the quantities «, &', a”,
", two of the quantities B, B/, B”, B"” etc., two of the quantities v, 7/, 7", 7"
etc., two of the quantities J, &', 6”, "’ etc. can be expressed rationally. Hence
having taken the signs of «, B, 7y, § arbitrarily, the signs of the remaining
quantities are determined by them. But:

La/ B b’(u" _ G’)(u'" _ G’) _ c”b”’(a” _ G') . c”’b”(a’” . G') —v o+ pc ! + e M
k - (G’ + G)(G’ _ G”)(G’ _ G”’) ’
an! B b"(u"’ _ G’)(a’ _ G’) _ c’”b”(a”’ _ G’) . c’b”’(a’ _ G/) —p' + e M + Ve
k - (G’+G)(G’ —G”)(G’—G”’) ’
ac" B b’”(a’ _ G’)(u" _ G’) _ c’b"( I ) ”b'( el ) b + il 4 b !
(X1) ko (G'+G)(G' = G")(G' =G ’
_tx“zx" B Cl(a + G’)(a’ _ G/) " ///(a_'_ G ) b”b’”(a’ ) 'y +c”b’b" —|—c’”b’b’”
o (G'+G)(C = GN(E ~G™) '
_zx’”a’ B C//<a + G’)(a” _ G/) oM /(a + G ) b“/b/(a" ) 'y + 'y + vy
ko (G'+G)(G'—=G")(G' - G™) ’
_‘X/‘x// B C///(a + G’)(a’” o G/) c //(a + G ) b b//(a/// el ) My +C,b/,/b, + C//b///b//
k - (G’ + G)(Gl _ G//)(Gl G///)

From these formulas one derives the other remaining ones, if instead of

k G G/ G// G/// x IX/ 0(” o
one writes
k G Gl/ G/ G/// [B ’B/ ﬁ// IB///
k, G/ G//I, G/// G/, ’Y/ ,y/’ ,Y/I/ ,)///I/
—k -G -G, G" g 5 5 S 5.

respectively. These formulas, among many other things, tell us that one has to
set different roots of equation (VL) for the quantities G, —G', —G”, =G etc,,
for one of the quantities a, B etc. not to become infinite. Furthermore, for the
sake of brevity, we presented the analysis, by means of which the equations
(X.) and (XI.) are found, in compact form.

10.

Now, if one wants to transform the double integral

11



/ / UdPdY,

while U denotes a certain function of the quantities P, ¢, by means of the
equations

it is known that

ax oIl _ 9x

oIl

W 9 dp oY
| [udras = [ [udyapZ 2ttt

9P~ 39 ~ 99 " 9P

In our case, since

5+ +6"cosp + 8" sinpcos ¢ + 8" sin sin ¢
B k
~ 6 —wacosP — BsinPcos® — ysin Psin ¢’

abbreviating

t=0—acosP — BsinPcos?® — ysinPsind,

one can put

f(P,9) = ];sinPcosﬂ,
k. .
F(P,9) = ?smPsmﬂ,
(g, 9) = B+ B cosp + B sinypcos ¢ + B sin sin ¢,

X, ¢) =7+ cosp+ 9" singcos ¢ + " sin sin ¢.
Hence it will be

4 (3f OF _9f oF
9P 99 06 oP

12



= kksin P - t (tcosP— gltjsinP> =kksinP-P-t(dcosP —w)

=kksinP-tt { (62’ — 8'a) cos p 4 (60" — ") sinp cos ¢ + (62" — ad"") sinypsing},

which expression because of the equation (VIIIL.) we see to go over into this
one:

—kesinP-tt {(B"y" — B"v") cosyp + (B"y — B'y"") sinypcos ¢ + (B'y" — B"y') singpsin g} .
Further, it will be

Il ax oIl ax

oy g g I
=siny {—p'siny + p" cospcos ¢ + " cospsingp} {—7"sing + v cos ¢}
—siny {—'siny + 9" cospcos ¢ + " cos Psing} {—p" sing + " cos ¢}
=sing {(B"y" — B""7") cosp + (B"y — B'y"") sinppcos ¢ + (B'y" — B’y') sinypsin g} .
Hence

oIl 9x _ oIl  dx

dp "9 99 "3y _  ttsing
of OF _9f 9F  kesinDP’

9P " 98 ~— 99 " aP

Now, since
tt
G + G cos? P+ G" sin® P cos® 8 + G’ sin® Psin® ¢ = 76,

finally:

n / / sin PdPd? - / / sin pdypde
G+ G'cos? P+ G"sin? Pcos? ® + G sin? Psin? ¢ e '

Since these disquisitions are to be continued, I wanted to publish this comment
for the analysts.
Written in the month of June 1827, at the University of Koenigsberg
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